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Abstract
We have constructed a non-Hermitian two-level system (a PT -symmetric
system) in dissipative environments, and investigated the quantum coherence in
the non-Hermitian two-level system. Our results show that, quantum coherence
can be created by PT -symmetric systems, even if the initial state of the two-
level system is incoherent state. Even though two-level system is interacted with
dissipative environments, the quantum coherence exhibits a long-lived revival,
and can be protected. We find that the two-level system can obtain more
coherence with the coupling strength Ω increases. And we should point out
that the PT -symmetric system can be regarded as a good candidate system for
creation of the long-lived quantum coherence in dissipative environments.
INTRODUCTION
In general, the Hamiltonian of systems should be Hermitian, if one wants
to obtain real eigenvalues of Hamiltonian in quantum physical systems. But
in recent years, some authors find that, for the non-Hermitian Hamiltonian,
it can still have real eigenvalues if it satisfies PT -symmetry [1], while it can
have complex eigenvalues when it is in PT -broken phase. The P stands for
a linear parity operator which performs reflection, i.e. p → −p and x → −x.
The T is a linear time-reversal operator has the effect p → −p, x → x and
i → −i [2]. The non-Hermitian Hamiltonian who satisfies PT -symmetry has
some counterintuitive features [3, 4]. A non-Hermitian Hamiltonian of two-
level system, when a parameter of the system is changed, is able to undergo
a transition from a PT -symmetric phase to a PT -broken phase [5, 6]. For
the dynamics of the system, it shows periodic oscillations with time in the
PT -symmetric phase region, while it shows exponential growth in the PT -
broken phase region. PT -symmetry theory was achieved in many class open
system such as optical waveguides [7], electrical circuits [8], and laser systems [9].
And recently, PT -symmetry theory was experimentally studied in the quantum
system [10]. However, there are some controversial results in PT -symmetric
quantum systems, although the PT -symmetric systems open up a new way to
process the quantum information.
Quantum coherence is a new important quantum resource in low-temperature
which is studied recently [11, 12, 13, 14, 15]. The definition of quantifying co-
herence in quantum information theories was studied by [16]. Several authors
provided many different ways to quantify coherence [17, 18, 19, 20]. In gen-
eral, coherence and entanglement are fundamental concepts of quantum physics,
whose basic idea is superposition principle of quantum mechanics. It is different
from entanglement; the coherence is basis-dependent. To protect coherence of
a two-level atom, a cavity-based architecture plays a good role [21]. And coher-
ence of two-level systems can be enhanced by interaction with the environments
[22].
However, almost these theoretical studies on quantum coherence are based
on the Hermitian system, and the quantum coherence in non-Hermitian systems
are not examined. At a physical level, PT -symmetric systems are intermediate
between closed and open systems. It is worth that we construct a simple non-
Hermitian Hamiltonian model and study how it influences quantum coherence.
Recently the two-level system, which is driven by imaginary field and evolves
independently of dissipative environments, was studied by [5, 6, 23]. In this
paper, we consider a two-level system interacting with a quantized radiation
field and being driven by imaginary external driving field which is descried
by non-Hermitian Hamiltonian iΓ. And the Hamiltonian of environments and
subsystems can be written as:
H =H0 + iΓ, (1)
where setting h¯ = 1,
H0 =
ω0
2
σz +
∞∑
n
a†a,
Γ=
Ω
2
σx cosω1t,
σz and σx are Pauli operator. a
†, a are creation and annihilation operator
respectively. Ω is coupling strength, and ω1 is frequency of external filed. So
the Hamiltonian of subsystem in rotating-wave approximation can be written
as:
Hs =
ω0
2
σz + i
Ω
2
(e−iω1tσ+ + e
iω1tσ−). (2)
Where the parameter ω0 is systemic energy difference, σ± denotes the transition
operators.
In next, we will solve the master equation of the system. And we will show
that how the quantum coherence evolves in the non-Hermitian two-level system.
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Results and Discussion
SOLUTION OF MASTER EQUATION
For the first, the Schro¨dinger equations for the quantum states |Ψ〉 and 〈Ψ|
with the non-Hamiltonian can be written as:
∂
∂t
|Ψ〉 = −iH |Φ〉 = −iH0|Ψ〉+ Γ|Ψ〉 (3)
∂
∂t
〈Ψ| = −i〈Ψ|H† = −i〈Ψ|H0 + Γ〈Ψ| (4)
So the dynamics of the density matrix can be recast [24]
˙̺(t) = −i[H0, ̺(t)] + {Γ, ̺(t)}, (5)
where [,] and {,} denote the commutator and anticommutator, respectively.
Thus the master equation of this non-Hermitian open system in interaction
picture can be written as:
˙̺s(t) =
Ω
2
{σ− + σ+, ̺s}
+ γ0(N(ω) + 1)(σ−̺s(t)σ+ −
1
2
σ+σ−̺s(t)−
1
2
̺s(t)σ+σ−)
+ γ0N(ω)(σ+̺s(t)σ− −
1
2
σ−σ+̺s(t)−
1
2
̺s(t)σ−σ+). (6)
It is worth notice that, when {,} is replaced by [,] , the above equation is a
master equation of resonance fluorescence [25]. On the resonance condition, i.e.
N(ω) = N(ω0), where the parameter N(ω) is the average number of photons in
environments with frequency ω.
We should point out that taking the trace of Eq.(5), one can obtain an
evolution equation for the trace of ̺s:
tr ˙̺s(t) = 2tr{Γ, ̺s(t)}. (7)
Eq.(7) shows that the dynamics does not conserve the probability. Because the
trace of the density matrix ̺s is not conserved, we introduce the normalized
density matrix as:
ρ(t) =
̺s(t)
tr̺s(t)
. (8)
It makes sure that the probabilistic interpretation of the density matrix is pre-
served.
COHERENCE OF THE SYSTEM
In order to illuminate how the quantum coherence evolves in the non-Hermitian
two-level system, we introduce two different coherence measures.
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Figure 1: (Color online) The time evolution of norm of coherence of the two-level system.
Let us take N(ω0) = 5, θ =
pi
2
. Norm of coherence is zero in initial state, and then norm
of coherence can be created by external driving field in dissipative environments. The figure
also shows that the subsystem is able to obtain more coherence as the coupling strength Ω
increases.
Norm of coherence
In this subsection, at first, we introduce norm of coherence [16] to measure
quantum coherence in the system, which is based on the off-diagonal elements of
the desired quantum state, and stands for the fundamental property of quantum
interference. For the density operator of an arbitrary quantum state, the formula
of norm of coherence is
C(t) =
∑
i,j(i6=j)
|ρij(t)|. (9)
Where ρij(t)(i 6= j) are the off-diagonal elements of the density operator, and
satisfy the quantum physical requirements which conform to coherence measure.
For the two-level system initially in the state Ψ(0) = cos(θ)|1〉+sin(θ)eiφ|0〉,
the initial norm of coherence is given by C(0) = 2 cos(θ) sin(θ), (here choose
φ = 0) from equation (9). At first, we consider θ = pi2 , therefore norm of
coherence is zero when t = 0. The dynamics of norm of coherence is plotted
in Fig.1. From the Fig.1, it can be seen that, in the initial stage of the time
evolution, the norm of coherence is created and then can remain stable at high
degree. And the Fig.1 also shows that the subsystem is able to obtain more
coherence as the coupling strength Ω increases.
Next, let us consider the system in three different situations—no external
driving field, external driving field is descried by Hamiltonian Γ and external
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Figure 2: (Color online) The time evolution of norm of coherence of the two-level system.
Let us take N(ω0) = 5, θ =
pi
4
. Ω
γ0
= 10√
2
. No external driving field (green line), external
driving field is descried by Hamiltonian Γ (blue line) and external driving field is descried by
non-Hermitian Hamiltonian iΓ (red line).
driving field is descried by non-Hermitian Hamiltonian iΓ. We calculate the
master equation (6) and display the solution in Fig.2, where we consider θ = pi4
in initial state. From the Fig.2, it can be seen that, in the initial stage of the
time evolution, the norm of coherence in three different situations are decaying
rapidly, but as time passes, the norm of coherence for imaginary field exhibits
a large revival and finally tends to a steady value (red line), while the norm of
coherence for real field cannot emerge a revival and eventually trend a minimal
value (blue line) and the norm of coherence for no driving field lose all quantum
coherence (green line).
The relative entropy of coherence
In what follows, we choose another way to quantify coherence of the system
which is the relative entropy of coherence [16]. As quantum information entropy
is a significant way to describe the quantum information in Hermitian systems,
we will use the relative entropy of coherence to interpret quantum features
of non-Hermitian systems. Meanwhile the relative entropy of coherence is an
important complement to norm of coherence. For the density operator of an
arbitrary quantum state, the formula of the relative entropy of coherence is [16]:
Cre(ρ) = S(ρdiag)− S(ρ), (10)
where S(ρ) is Von Neumann entropy, ρ =
∑
i,j ρi,j |i〉〈j|, ρdiag =
∑
i ρi|i〉〈i|.
Even though there are two types of systems—the non-Hermitian system and
the Hermitian system, we will show that the formulas of the relative entropy
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Figure 3: (Color online) The time evolution of norm of coherence of the two-level system.
Let us take N(ω0) = 5, θ =
pi
2
. Initial state is incoherent state; thus the relative entropy
of coherence is zero when t = 0. And then the relative entropy of coherence can be created
by imaginary driving field which is descried by non-Hermitian Hamiltonian iΓ in dissipative
environments. The figure also shows that the subsystem can obtain more coherence and
remain stable with the coupling strength Ω increases.
of coherence are same. A brief proof is following, the formula of the relative
entropy of coherence in the non-Hermitian system can be defined as:
Cren(ρ) = min
δ∈I
S(ρ‖δ) = S(ρdiag)− S(ρ) + S(ρdiag‖δ). (11)
Where ρ is a density operator in the non-Hermitian system, ρdiag and δ are
Hermitian operators representing incoherence states, and I are sets of incoherent
quantum states. The minimum of the formula (11) can be obtained by taking
zero value of third item, and the formula (11) goes back to formula (10) formally.
Considering initial state is incoherent state, we can choose θ = pi2 , and we
calculate the master equation and plot the solution in Fig.3. From Fig.3, the
relative entropy of coherence can be created by imaginary driving field which
is descried by non-Hermitian Hamiltonian iΓ in dissipative environments. The
Fig.3 also shows that the subsystem can obtain more coherence and remain
stable with the coupling strength Ω increases.
As same as norm of coherence that we discussed previous, let us induce
three different situation—no driving field, real driving field which is descried by
Hamiltonian Γ and imaginary driving field which is descried by non-Hermitian
Hamiltonian iΓ. Fig.4 presents numerical results for the systemic relative en-
tropy of coherence for no driving field (green line), real driving field (blue line)
and imaginary driving field (red line), respectively. In Fig.4, it is evident that,
the relative entropy of coherence decays quickly to zero in the all situations.
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Figure 4: (Color online) The time evolution of norm of coherence of the two-level system.
Let us take N(ω0) = 5, θ =
pi
4
. Ω
γ0
= 10√
2
. No driving field (green line), real driving field
which is descried by Hamiltonian Γ (blue line) and imaginary driving field which is descried
by non-Hermitian Hamiltonian iΓ (red line)
When the driving field is imaginary (red line), it is observed that, the relative
entropy of coherence displays a revival and finally tends to a steady value, which
as same as the norm of coherence.
Conclusions
In summary, we have investigated norm of coherence and the relative en-
tropy of coherence, and protecting quantum coherence in the non-Hermitian
two-level system. We can conclude as follows: First, quantum coherence can be
created by PT -symmetric systems, even if the initial state of two-level system
is incoherent state. Second, even though subsystem is interacted with dissipa-
tive environments, we find that the quantum coherence can exhibit a revival
with long time in PT -symmetric systems. Physically, the reason of quantum
coherence being created or obtaining revival, is that the general non-Hermitian
Hamiltonian can be regarded as an effective tool for the description of source or
sink of open systems [24], thus we deduce that the quantum coherence is prob-
ably from another dimensions. Finally, in order to realize this non-Hermitian
system in experiment, we can design an experimental facility with the help of
the idea which is similar to literature [10]. One can construct an open Hermitian
system whose subsystem is described effectively by non-Hermitian Hamiltonian
which was discussed in this paper. And then the coherence of quantum system
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is able to protect in this subsystem. So we should point out that the PT -
symmetric systems can be regarded as a good candidate system for creation of
the long-lived quantum coherence in dissipative environments.
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